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Let G be a group, p a prime and H,(G) the subgroup of G generated 
by the elements of order different from p. Hughes [12] conjectured that if 
G > H,(G) > 1, then 1 G: H,(G)1 = p. Wall [20] has constructed a 
finite 5-group G of exponent 25 such that 1 G: H,(G)/ = 25 and Cannon 
[5, p. 2031 states that he has a counterexample to the conjecture for p = 7. 
Nevertheless, the conjecture appears to be open for 2-generated groups 
and it is desirable to find conditions on G which guarantee that the con- 
jecture is valid for G. 
A group G satisfying any of the nine conditions below is known to satisfy 
the Hughes conjecture: 
(i) Any group and p -=I 5 [II] and [19], 
(ii) finite and not a p-group [13], 
(iii) 2-generated finite p-group of class at most 2p - I [15], 
(iv) finite p-group of class at most 2p - 2 [16], 
(v) finite metabelian p-group [lo], 
(vi) regular p-group [lo], 
(vii) finite p-group with GJG,,, cyclic for i = 2,..., p [6], 
(viii) finite p-group with Z,,/Z, cyclic for i = p - 2,..., c - 2 [6], 
(ix) for some fixed r with p3 < pr < 1 G 1 every normal subgroup 
of G of order p7 is 2-generated [6]. 
In this paper we offer a number of new results and show that the last 
five conditions above can be weakened. 
Throughout the remainder of the paper G denotes a finite p-group with 
p > 2. If G has class c(G) = c, we use G = G1 > Ga > ... > G,+l = 1 
to denote the lower central series of G and 1 = Z,(G) < Z,(G) < ..* < 
Z,(G) = G to denote the upper central series of G. We sometimes use 
& for Z,(G) and G’ for G, . Also Gp = (g” 1 g E G), @(G) is the Frattini 
subgroup of G, exp(G) is the exponent of G and d(G) is the number of 
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elements in any minimal set of generators of G. Following Blackburn we 
call a finite p-group G absolutely regular if ] G: Gp 1 < pp and we call G an 
ECF-group if 1 GJG,,, ] = p for i = 2,..., c and exp(G/G,) = p. 
THEOREM 1. If G contains a subgroup K with exp(Z,+,-l(K)/Z,(K)) > p 
for some i (for i < 0, define .&(K) = l), then K < H,(G). 
Proof. Let j be the least integer with the property that 
exdZ,+p-lWY-GW)) > P 
and let b E Z,+,-,(K) with bp # Z&). Suppose a E K\H,(G). Then ap = 1, 
(ab)’ = 1 and the Hall-Petrescu Identity [14, p. 3171 shows 
bp = &p = (&)a c(t),(:) . . . &,:I), 2 3 P-l P ’ 
where Ci E (a, b)i. Since each of C, ,..., C,+ lies in Zj+,-s(K) and 
exp(Z~+p-3(K>/Z~-l(K)) < P we have 
CC) E Z+,(K) < Zj(K) I for i = 2,...,p - 1. 
Since C, E Zi(K) also, it follows that bp E Zj(K), a contradiction. 
COROLLARY 1. If G has a subgroup K of index at most p with 
exp(&+,-,(K)/Zi(K)) > p for some i, 
then G satisfies the Hughes conjecture. 
COROLLARY 2. If G has a metacyclic subgroup M with j M 1 > p3 and 
M normal in a maximal subgroup K of G, then G satisjes the Hughes conjecture. 
Proof. Let L be a normal subgroup of K contained in M with 1 L 1 = ~3. 
Then L is metacyclic and L < Z,(K) ([14, p. 3011). If G does not satisfy 
the Hughes conjecture, then condition (i) and Corollary 1 together show 
exdZ3(KN = P so that exp(L) = p. This is clearly impossible. 
COROLLARY 3. If G has a 2-generated subgroup M such that 1 M I >, p3, 
M (3 K and M < Q(K) for some subgroup K of index at most p in G, then 
G satisJes the Hughes conjecture. 
Proof. A result of Berkovich [l, p. 11181 shows that M is metacyclic 
so the result follows from Corollary 2. 
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COROLLARY 4. If K is a subgroup of G with exp(K) = pi+l, then 
Zi(,-I,(K) G f&(G)- 
Proof. Suppose a E Z,(,-,,(K)\H,(G) and let b E K with 1 b 1 = pi+l. 
Then up = 1, (ab)p = 1 and 
where 15’~ E (a, b)j for i = 2 ,..., p. By Theorem 1, 
C$“’ E Z(i-l) (,-,,(K) for i = 2,...,p - 1 
and exp(Z(,_l)(,-,)(K)) < pi-r. Since C, E Z(i-l)(,-,)(K) also it follows that 
bp E Z(i-l)(e-l)(K) and therefore b”’ = 1, a contradiction. 
COROLLARY 5. If K is a subgroup of index at most p in G with exp(K) = 
pi+l and sf all the elements in K of order p lie in Zi(,-,)(K), then G satisfies 
the Hughes conjecture. 
Proof. This follows directly from Corollary 4 and the definition of H,(G). 
COROLLARY 6. If G has a subgroup K of index at most p such that K 
has a normal subgroup N with exp(N) > pi and 1 N 1 < piCp-l) for some i, 
then G satisfies the Hughes conjecture. 
Proof. Since N < Zi(,-,,(K) we have exp(Z,(,-r)(K)) > pi and it 
follows from Corollary 1 that G satisfies the Hughes conjecture. 
COROLLARY 7. Iffor some j, Zi+l(G)/Zj(G) is cyclic and 1 Zj+l(G)/Zj(G)I > 
1 Z,+,(G)/Z,(G)J for i = p - 2,..., c - 2, then G satis$es the Hughes con- 
jecture. 
Proof. Suppose G is a counterexample. Then the theorem shows 
1 Z,+l(G)/Z,(G)I = p so that 1 Z,+,(G)/Z,(G)I =p for i =p - 2,..., c -2. 
Thus G satisfies condition (viii) above and this is a contradiction. 
Note that Corollary 7 weakens condition (viii). 
THEOREM 2. If G contains a subgroup K with exp(Ki/Ki+,-,) > p for 
some i, then K < H,(G). 
Proof. Analogous to the proof of Theorem 1. 
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COROLLARY 1. If G has a subgroup K of index at most p with 
exp(KJl(,+,-,) > p for some a’, 
then G satisfies the Hughes conjecture. 
COROLLARY 2. If G,/G, is cyclic and 1 G,/G, 1 >, 1 G,/Gi+l 1 for i = 
3, 5,..., p then G satisfies the Hughes conjecture. 
Proof. Suppose G is a counterexample. It follows from the theorem 
that 1 G,/G, 1 = p and therefore / G,/G,+, 1 = p for i = 3, 5,..., p. Repeated 
application of a theorem of Blackburn [3, p. 611 shows G/G,+, has cyclic 
lower central factors so that G satisfies condition (vii) above. This gives a 
contradiction. 
COROLLARY 3. For any G, either H,(G) = G or Q(G) = G, . 
Proof. If H,(G) # G, then by the theorem, Gp < Gs . Since Q(G) = 
G,Gp the result follows. 
COROLLARY 4. Suppose K is a maximal subgroup of G such that for some 
i < p - 2, KC can be generated by i elements and Ki,,-, # 1. Then G 
satisfies the Hughes conjecture. 
Proof. Suppose G is a counterexample. By a theorem of Hobby [8, 
p. 2271 Kip = Ki”Ki’ so that Ki’ < Kip < K+, . Thus KJK,,,, is 
elementary Abelian with at most i generators and therefore 1 K,IK,,,-, ) < pi. 
But Ki+,-z # 1 implies that 1 KJK,+,-, 1 >, pp-l, a contradiction. 
COROLLARY 5. If G has a maximal subgroup K with d(K) < d(G) - 1, 
then G satisjies the Hughes conjecture. 
Proof. It follows from Corollary 3 that we may assume pd(G) = I G: G’ I 
and pdcK) = 1 K: K’ j. The hypothesis then implies that p I K: K’ I < 
/ G: G’ I and therefore 1 K’ I > / G’ /, a contradiction. 
Note that Corollary 2 is a weakening of condition (vii). 
LEMMA 1. Let P be a group theoretic property. Suppose G is a group 
of minimal order with property P which does not satisfy the Hughes conjecture. 
If G has a central subgroup N of order p such that G/N has property P, then 
Gp = N. Furthermore, if G/N has property P for all central subgroups N 
of order p, then G?-’ = G, = 2, . 
Proof. Let N be a central subgroup of order p such that G/N has property 
P. Since the hypothesis implies that G/N does satisfy the Hughes conjecture 
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we have ) G/N: H,(G/N)] 6 p or H,(G/N) = 1. Condition (vi) implies 
that exp(G) > p and then Corollary 4 of Theorem 1 shows N < H,(G) so 
that H,(G/N) < H,(G)/N. Since 1 G/N: H,(G/N)I 3 1 G/N: H,(G)/N 1 = 
I G: H,(G)I > P we must have H,(G/N) = 1. Since G” # 1, it follows that 
Gp = N. 
If G/N has property P for all central subgroups N of order p it follows 
by what we have already shown that G” is the unique central subgroup 
of order p. This implies that Z, is cyclic and then Corollary 1 of Theorem 1 
shows 1 Z, j = p. This proves the lemma. 
THEOREM 3. Suppose G possesses a normal subgroup L which is an ECF- 
groupand]G:L,\ <p P+%. Then G satisfies the Hughes conjecture. 
Proof. Suppose G is a minimal counterexample and let c(L) = c. Then 
L, is a central subgroup of G of order p and L/Lc is an ECF-subgroup of 
G/L, and 1 G/Lc : L,/L, 1 < pP+a. It follows from Lemma 1 that Gp = L, . 
Conditions (iii), (iv), and (vii) together imply that p2~+2 < 1 G ] = 
1 G:L,I IL,/ \(pp+2+c--l so that c > p + 1. But a theorem of Blackburn 
[3, p. 691 showslp > L, so thatl, > L, and therefore c < p. This contradic- 
tion proves the theorem. 
COROLLARY 1. If G possesses a normal subgroup L of index at most pp which 
is a group of maximal class, then G satisfies the Hughes conjecture. 
Proof. Since L is of maximal class, 1 L : L, / = p2 so that 1 G : L, 1 < pP+2. 
COROLLARY 2. Suppose G possesses a subgroup K of index at most p such 
that d(K) < p + 1, and for some j, KjlKj+l is cyclic with 1 Kj/Kj+l [ > 
1 KiIKi.+., I for i = 2, 3, 5 ,..., p. Then G satisfies the Hughes conjecture. 
Proof. Suppose G is a counterexample. By Corollary 1 of Theorem 2 we 
have exp(K/K,) = p and ] K,/K,+, 1 = p so that I I&/K,+, 1 = p for 
i = 2, 3, 5 ,..., p. Repeated application of a theorem of Blackburn [3, p. 611 
shows that K/K,+, is an ECF-group and so by another theorem of Blackburn 
[3, p. 741 K itself is an ECF-group. Since j K : K, ] = pacx) the result follows 
from the theorem. 
COROLLARY 3. If G contains a subgroup of index p2 which is a group of 
maximal class, then G satisfies the Hughes conjecture. 
Proof. It follows from a result of Blackburn [4, p. 31 that G has a subgroup 
which satisfies the hypothesis of Theorem 3. 
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THEOREM 4. Suppose G has a subgroup L such that 1 L : Lp ( < pp-* 
(r > 1) and L has index pr or p r+l. Then G satisfies the Hughes conjecture. 
Proof. Suppose G is a counterexample and choose a subgroup K of G as 
follows: If L has index pr in G let K = G and if L has index pr+l in G let K 
be a maximal subgroup of G containing L. In either case L is a subgroup of 
index pr in K and K has index at most p in G. Then a theorem of Blackburn 
[4, p. 91 shows that K satisfies one of the following conditions: 
(i) K is a group of maximal class, 
(ii) K is absolutely regular, 
(iii) the elements of K of order at most p form a group. 
Corollary 1 of Theorem 3 excludes (i). If K is absolutely regular, then since 
Corollary 1 of Theorem 2 shows KP < K, , we have 1 K/K, 1 < pp-l. But 
if K, # 1, then clearly ( K/K, 1 > pp while if K, = 1, then 1 K / < pp-1 so 
that 1 G 1 < pp. Since either case yields a contradiction we may assume (iii) 
holds. If exp(K) = p, then the hypothesis says that 1 L 1 < p*+ so that 
I G I < pp+l, a contradiction to condition (iv). Thus there is an element b in 
K with bp # 1. Let a E K\H,(G).Then a” = (ab)P = 1. But this implies 
bP = 1, a contradiction. This proves the theorem. 
COROLLARY 1. If G has a normal subgroup L such that / L : LP 1 < pp-r 
(r > 1) and L has index p’, pr+l or pr+l, then G satisfies the Hughes conjecture. 
Proof. Suppose G is a counterexample. Then, by the theorem, L has index 
P rh2 in G. Since L is normal in G and each element of G not in H,(G) has 
order p we may choose a subgroup M of G so that M z& H,(G) and 
j M : L 1 = pr. Then, by the result of Blackburn again, M has one of the 
following properties: 
(i) M is of maximal class, 
(ii) M is absolutely regular, 
(iii) the elements of M of order at most p form a group. 
Since j G : M 1 = p2, Corollary 3 of Theorem 3 rules out (i) and Theorem 4 
rules out (ii). Thus the elements of M of order at mostp form a group and the 
argument given in the proof of Theorem 4 yields a contradiction. 
COROLLARY 2. If G has a subgroup L of index at most p2 and there is an 
integer r satisfying pp < p’ < 1 L ] such that all the normal subgroups of L 
of order pr are absolutely regular, then G satis$es the Hughes conjecture, 
Proof. A theorem of Blackburn [4, p. 81 shows that L is either absolutely 
regular or L is a group of maximal class. If L is absolutely regular, it is also 
regular [4, p. 21 so that condition (vi) or Theorem 4 applies. IfL is of maximal 
class, Corollary 1 or 3 of Theorem 3 applies. 
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COROLLARY 3. If G does not satisfy the Hughes conjecture, then for every 
normal subgroup L of G of index p3 the number of subgroups of L of order pr and 
exponent p is congruent to 1 mod&o p and at least one of these is normal in G. 
Proof. If L is a normal subgroup of G of index p3 which does not contain 
the required subgroups, a pair of results of Berkovich [2, pp. 826, 8281 show 
that L is either absolutely regular or a group of maximal class. Either case 
gives a contradiction. 
By placing an extra condition on G, Corollary 3 above can be improved. 
THEOREM 5. If G does not satisfy the Hughes conjecture and G,,-, < H,(G), 
then the number of subgroups of G,-, of order pp and exponent p is congruent to 
1 modulo p and at least one of these is normal in G. 
Proof. Suppose G is a counterexample. By the results of Berkovich again, 
G,-, is absolutely regular or ap-group of maximal class. Since c(G) 3 2p - 1, 
p > 3 and [GDP, , G,-,] < G,,-, it is clear that / GDPJ(G,-J 1 # p2 so that 
G P-l must be absolutely regular. That is, 1 G,-,/(G,-Jr’ 1 < PpP1. Since 
G/G,,-, has class 2p - 2 we know by condition (iv) that H,(G/G,,-,) = 1 
or 1 G/G,,-, : H,(G/G,,-,)I <p. But G2,-, ,< H,(G) implies H,(G/G,,-,) < 
H,(G)IG2,-, so that I G/G,-1 : Hp(GIG2p--1)l > I G/G2,-1: Hp(W%v-l I = 
1 G : H,(G)1 2 ~2. Thus H,(G/G,,-,) = 1 and therefore GP < G,,-, . 
Since (G,-r)” < G” < G,,-, we have 
I G,-,/(G,-Jp I 2 I G,-,/%-1 I 3 pp, 
a contradiction. 
The next theorem weakens condition (ix) in two ways. 
THEOREM 6. Let K be a subgroup of G of index at most p. If for some k 
and some fixed r with p3 < pr < 1 Kk 1 every normal subgroup of Kk of order 
pr is 2-generated, then G satisfies the Hughes conjecture. 
Proof. If k > 1, we merely choose a subgroup of Kk of order pP which 
is normal in K and appeal to Corollary 3 of Theorem 1. Now assume k = 1 
and G is a counterexample. If pr = 1 K l/p, then a theorem of Blackburn 
[4, p. 191 says that K is metacyclic or 1 K/K?’ ) = ps. Corollary 1 of Theorem 2 
shows Kp < K, so, in either case, we have I K/K, 1 < p3 and since p > 3 
the argument given in the proof of Theorem 4 yields a contradiction. If 
pr < I K l/p, then according to a theorem of Blackburn [4, p. 161 K satisfies 
one of the following conditions: 
(i) K is metacyclic, 
(ii) K is a 3-group, 
(iii) the elements of K of order at most p form a subgroup of order p3. 
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Clearly, the first two conditions can not hold and an argument similar 
to that given in the latter portion of the proof of Theorem 4 shows the 
third condition can not hold. This contradiction proves the theorem. 
We remark that several of the preceding results of the form “If K is a 
subgroup of index at most p in G and K has property P, then G satisfies 
the Hughes conjecture” have analogs of the form “If M and N are distinct 
subgroups of index p2 in G and M and N have property P, then G satisfies 
the Hughes conjecture.” For if G does not satisfy the Hughes conjecture 
then one of M or N does not satisfy the hypotheses of Theorems 1 and 2. 
Thus we may assume, when attempting to prove an analog of one of the above 
results, that exp(Mi/Mi+,-J < p and exp(Z,+,-,(M)/Z,(M)) < p for all i. 
For example, the analog of Corollary 5 of Theorem 1 follows exactly as 
before; and by requiring M and N normal in G and d(M) < p, d(N) < p, 
an analog of Corollary 2 of Theorem 3 can be obtained. 
We call a finite p-group G semiregular if (x, y) is regular whenever 
x E G, y E G, and either x or y has order p. 
THEOREM 7. If G is a 2-generated semiregular group, then G satisjies the 
Hughes conjecture. 
Proof. Suppose G is a counterexample. Then Corollary 3 of Theorem 2 
implies that 1 G: G’ / = p2. Let y E G, with 1 y j = p and x E G with 
/ x 1 > p. Since (x, y> is regular, (xy)p = xPypcp, where c E (x, y)‘. But 
CP = 1 since / y I = p and (x, y) is regular ([7, p. 1851). Thus (xy)” = 
xp # 1 so that xy E H,(G). It follows that y E H,(G) also and therefore 
G, < H,(G). Clearly this implies G, = H,(G) so that there is an element y 
in G, with j y I > p. If x E G with / x 1 = p, then (x, y) is regular and 
as before (xy)” = yP # 1. It follows that x E H,(G) and this implies 
G = H,(G), a contradiction. 
Although the following corollary has a simple direct proof we give a 
proof using the above theorem. 
COROLLARY. If all the proper subgroups of G are regular, then G satis$es 
the Hughes conjecture. 
Proof. Condition (vi) shows that we may assume G is not regular. If 
G requires at least three generators, then every 2-generated subgroup of G 
is proper and therefore regular and since regularity is determined by the 
2-generated subgroups G itself is regular. Hence we may also assume that 
G is 2-generated. Since @(G) > G, , every subgroup of the form (x, y) 
where y E G, is proper and it follows that G is semiregular. Theorem 7 
now shows that G satisfies the Hughes conjecture. 
We remark that the corollary to Theorem 7 weakens condition (vi) and 
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the theorem shows that 2-generated nearly regular p-groups as defined 
by Hobby in [9] as well as minimal irregular p-groups as defined by Mann 
in [17] satisfy the Hughes conjecture. 
Condition (v) says that if G” = 1, then G satisfies the Hughes conjecture. 
The next theorem weakens this condition in two ways. 
THEOREM 8. If G" < Z,-,(G) OY if G” is Abelian and can be generated 
by p - 3 elements, then G satisJies the Hughes conjecture. 
Proof. First suppose that G” < Z,-,(G) and G does not satisfy the 
Hughes conjecture. Since G/Z,-, is metabelian, condition (v) shows that 
H,(G/Z,-,) = 1 or j G/Z,-,: H,(G/Z,-,)I < p. Corollary 4 of Theorem 1 
implies 2,-a < H,(G) so that H,(G/Z,-,) ,< H,(G)/Z,-, and it follows 
that H,(G/Z,-,) = 1. Th us G/Z,-, is metabelian of exponent p so, by a 
result of Meier-Wunderli [18, p. lo], c(G/Z,-a) < p. But then c(G) < 2p - 2 
in contradiction to condition (iv). 
Next suppose that G is a group of minimum order with the properties 
that G” is Abelian and can be generated by p - 3 elements and G does 
not satisfy the Hughes conjecture. Let N be a central subgroup of G of 
order p which is contained in G”. Then G”IN can be generated by p - 3 
elements and, by Lemma 1, exp(G”/N) = p. It follows that 1 G” 1 < ppe2 
and therefore G” < Z,-,(G) in contradiction to what was proved above. 
Note that if G satisfies the hypothesis of Theorem 8 and is 2-generated 
the theorem can be improved by replacing “p” by “p + 1”. 
THEOREM 9. If for some k < p - 1, Gk can be generated by k elements 
then G satisJies the Hughes conjecture. 
Proof. Let G be a minimal counterexample. Lemma 1 shows 1 G, ) = p, 
exp(G/G,) = p, and Gp = G, . B y a theorem of Hobby [8, p. 2271, Gkp = 
Gk”Gk’ so that G,’ < G, . Thus G,/G, is Abelian with k generators and 
exp(G,/G,) = p. It follows that I G, I < pk+l. But 1 GL 1 > pc+l-lc so that 
k + 1 > c + 1 - k or 2( p - 1) 3 2k 3 c, in contradiction to condition 
(iv). 
COROLLARY. If all the proper subgroups of G2 are Abelian, then G satisjes 
the Hughes conjecture. 
Proof. According to condition (v) we may assume G, is nonabelian. 
Let x, y E G2 with [x, y] # 1. Then G, = <x, y) and the theorem shows 
that G satisfies the Hughes conjecture. 
Note that the above corollary weakens condition (v) in yet another way. 
Roughly speaking, the last result shows that all is well for groups which 
possess an element of large order. 
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THEOREM 10. Let j G 1 = p”. If G has an element of order pn--$p+l, then 
G satisfies the Hughes conjecture. 
Proof. Suppose G is a counterexample. Since Lemma 1 shows exp(G) = 
p2 we have 2 3 n - 2p + 1 or 2p + 1 3 n. But conditions (iii), (iv), and 
(vii) together imply that n 2 2p + 2, a contradiction. 
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